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AbstratThis paper presents efient omputational algo-
rithms of operational spae dynamis for free-ying and for
free-oating spae robots. Due to the lak of the xed base,
the operational spae formulation of the spae robot is more
omplex than the xed base robot system. By paying attention
to this unique harateristi, however, the novel algorithm of
the operational spae dynamis for a single-serial-arm spae
robot is derived. Furthermore, by using the onept of the
artiulated-body system, reursive omputation algorithms of
the operational spae formulation for a branhing-arms on the
spae robot is developed. The realisti dynami simulations are
illustrated to verify the omputational efieny.
I. INTRODUCTION
The on-orbit serviing spae robots are one of the hal-
lenging elds in the robotis and spae tehnology. Main
task of the on-orbit spae robots would be the traking, the
grasping and the positioning of a target. To ahieve these
tasks, the operational spae ontrol is required and it is
onvenient to use operational spae formulation diretly.
The operational spae formulation is an approah for
dynami modeling and ontrol of a omplex branhing
redundant mehanism at its tasks or operational ontrol
points. Khatib proposed the formulation for ground based
robot systems in [1℄, [2℄. Chang and Khatib introdued
the efient algorithms for this formulation, espeially for
operational spae inertia matrix in [3℄, [4℄.
In the spae robot, the operational spae formulation is
more omplex due to the lak of the xed base. By virtue
of no xed base, however, the spae robot is invertible in
its modeling. By making use of this unique harateristi,
this paper rstly proposes an efient algorithm for the
operational spae dynamis of a single-serial-arm spae
robot system. Then, by using the onept of the artiulated-
body algorithm [5℄, reursive omputations of the opera-
tional spae formulation for a branhing-arms spae robot
are proposed. The numerial simulations with a two-arms
spae robot shown in Fig. 1 are illustrated.
The paper is organized as follows. Setion II desribes ba-
si dynami equations for free-ying and free-oating spae
robots. Setion III derives the operational spae formulation
for the free-ying and the free-oating spae robots. Setion
IV introdues a spatial notation and quantities to model
omplex robot kinematis and dynamis, whih are utilized
for the derivation of the proposed algorithms. Efient
reursive algorithms for the generalized Jaobian matrix [6℄
Fig. 1: Chaser-robot and target senario
are presented in setion V. In Setion VI, omputational
efient algorithms for the operational spae formulation are
proposed. The simulation results are illustrated in Setion
VII. The onlusions are summarized in Setion VIII.
II. BASIC EQUATIONS
This setion presents basi dynami equations for the
spae robot. The main symbols used in this setion are
dened in table I.
A. Linear and Angular Momentum Equations
The motion of the spae robot is generally governed by
the momentum equations where
_
x
b
= (v
T
b
;!
T
b
)
T
2 R
61
,
and the motion rate of the joints,
_
 2 R
n1
are onsidered
as the generalized oordinates :
L
0
=H
b
_
x
b
+H
bm
_
 ; (1)
where L
0
2 R
61
represents the total linear and angular
momentum around the base oordinate frame. In the absen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TABLE I: main notaitons
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:
linear and angular veloity of the
base.
_
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:
linear and angular veloity of the
arms.
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:
linear and angular veloity of the
end-effetors.
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H
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: inertia matrix of the arms.
H
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:
oupling inertia matrix between the
base and the arms.
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:
non-linear velo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of the base.
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:
non-linear veloity dependent term
of the arms.
F
b
2 R
61
:
fore and moment exerted on the
base.
F
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:
fore and moment exerted on the
end-effetors.
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: torque on the joints.
J
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obian matrix for the base.
J
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obian matrix for the arms.
J

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:
Generalized Jaobian matrix for the
base related to the i-th end-effetor.
J
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:
Generalized Jaobian matrix for the
arms related to the i-th end-effetor.
represents the generalized Jaobian matrix for the base-
satellite [7℄. By introduing the kinemati relationship for
the end-effetor,
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is alled the generalized Jaobian matrix for a end-effetor or
a operational point [6℄. The above two generalized Jaobian
matries, (3) and (5), are for the ase of single serial arm on
the base. Those matries are simply extended to the multi-
arm ase. In setion V, we derive reursive alulations for
those two matries.
B. Equations of Motion
The general dynami equations for the spae robot are
desribed by the following expression [6℄:
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In the ase that F
b
is generated atively (e.g. jet thrusters or
reation wheels et.), the system is alled a free-ying robot.
If no ative atuators are applied on the base, the system is
termed a free-oating robot.
C. Redued Form for a Free-Floating Spae Robot
The dynami equations for the free-oating spae robot
an be furthermore redued a form expressed with only joint
aeleration,

, by eliminating the base-satellite aelera-
tion,

x
b
, from eq. (6):
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denote generalized inertia matrix and
generalized non-linear veloity dependent term, respetively.
III. OPERATIONAL SPACE FORMULATION
The operational spae formulation is onvenient to model
and to ontrol the system in the operational spae, whih
assoiates with the dynamis projeted from the joint spae
dynamis into the operational spae and its assoiated null
spae. In the spae robots, two formulations are possible.
One is for the free-ying spae robot and the other is for
the free-oating spae robot. In this setion, the general
equations of motion for n-link with p operational points are
disussed.
A. A Free-Flying Spae Robot
The operational spae formulation of the free-ying spae
robot an be desribed in the following form :
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The operational spae matrix for the free-ying spae robot,
 
e
, is an 6p  6p symmetri positive denite matrix. Its
inverse matrix an be expressed as :
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The operational spae entrifugal and Coriolis fores, 
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B. A Free-Floating Spae Robot
In the free-oating spae robot, the system an be de-
sribed as the redued form in the joint spae by using
eq. (7). Its operational spae formulation is derived as :
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The matrix, (
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), orresponds to the inertia matrix
desribed in eq. (9). The vetor, , expresses the Coriolis
and entrifugal fores in operational spae in the redued
form :
 = 
 1


m
 
_
J

m
_
 
d
dt
(
 1
b
)

P
L

2 R
6p1
:
Comparing with eq. (8), the relationship  
e
 = 
e
is
obtained.
Note that eah dynami equation desribed in this setion
is expressed in the inertial frame. In Setion VI, we propose
the efient algorithms for the operational spae formulation
represented here.
IV. SPATIAL NOTATION AND QUANTITIES
The Spatial Notation is well-known and intuitive no-
tation to model kinematis and dynamis of artiulated
robot systems, introdued by Featherstone [3℄, [5℄. In this
setion, the basi spatial notation and quantities are onisely
reviewed whih are used in the derivation of the efient
omputational algorithms in the following setions.
A. Spatial Notation
In the spatial notation, linear and angular omponents are
dealt with in a unied framework and results in a onise
form ( e.g. 61 vetor or 66 matrix ). In this expression,
a spatial veloity, v
i
, and a spatial fore, f
i
, of link i are
dened as :
v
i
=

v
i
!
i

and f
i
=

F
i
T
i

;
where v
i
, !
i
, F
i
and T
i
denote the 31 linear and angular
veloity, the fore and moment in terms of link i in frame
i, respetively.
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rotational joint is dened, suh that 1 is assigned along the
prismati or rotational axis : e.g.
S
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T
:
More omplex multi-degrees-of-freedom joint is introdued
in [5℄, [8℄.
The spatial inertia matrix of link i in frame 
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 positive denite matrix as:
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is the inertia
matrix around the enter of mass of the link i in frame 
i
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The 6 6 spatial transformation matrix,
h
i
X, transforms
a spatial quantity from frame i to frame h as :
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where
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is a rotation matrix and
h
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is a
position vetor from the origin of frame h to that of frame
i expressed in frame h.
f
fg denotes the skew-symmetri
matrix ( see. Fig. 2). Unlike the onventional 33 rotational
matrix, the spatial transformation matrix is not orthogonal.
The transformation matrix from frame h to frame i,
i
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B. Spatial Quantities
The most of the spatial quantities inluding the spatial
veloity, aeleration and the spatial fore, an be iteratively
alulated. To arry out the iterative alulation, two ap-
proahes an be found whih are dependent on the diretion
of the iteration.
In the rst approah, the kinemati quantities suh as the
veloity and the aeleration are omputed by outward reur-
sion from the root link toward the leaves or the end-effetors
and the spatial fore is obtained by inward reursion from
the leaves toward the root link. It is here termed the forward
hain approah.
In the seond approah, the diretion of the reursive al-
ulation is opposed to the rst one, suh that the kinemati
quantities are omputed by inward reursion and the spatial
fore is obtained by outward reursion. It is here termed the
inverted hain approah.
1) Forward Chain Approah: In the forward hain ap-
proah, the spatial veloity of link i is omputed by the
spatial veloity of its parent link and its joint veloity as:
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The spatial aeleration an be alulated similarly in the
following form :
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The iterative alulation for the total spatial fore ated on
the link h is dened as :
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where I
i
is a symmetri positive denite matrix. The integral
of eq. (17) represents the spatial momentum of link h and
the omposite momentum of link h an be derived as :
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The omposite rigid-body inertia of link h, I
C
h
, is the
summation of inertia matries of link h and its hildren links
[8℄:
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Fig. 2: Notation Representation
Note that the veloity and the aeleration of root link are
non-zero values sine our main fous is on the free-ying
or free-oating spae robots. We assume that those values
are measurable or an be estimated.
2) Inverted Chain Approah: In the inverted hain ap-
proah, the transformation matrix,
i
h
X, is used to obtain
eah spatial quantities.
The spatial veloity is expressed as :
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The spatial aeleration is desribed as :
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The spatial fore is derived as :
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Under same onditions, the results of the forward hain
approah and the inverted hain approah are onsistent.
V. RECURSIVE COMPUTATION OF THE GENERALIZED
JACOBIAN MATRIX
This setion presents efient reursive alulations for
the generalized Jaobian matries introdued in (3) and (5).
We introdue here the reursive algorithms in the framework
of the spatial notation. Yokokohji proposed the reursive
alulation for the generalized Jaobian matrix in [7℄. By
using the spatial notation, however, the reursive alulations
an be improved to simpler and faster methods than one
proposed in [7℄.
A. Generalized Jaobian for the Base
In the reursive expression, the total linear and angular
momentum around the origin of frame 0 is expressed from
eqs. (14) and (18) as follows :
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From eq. (23), the veloity of the base an be expressed as
a funtion of the veloity of the joint as :
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where I
C
0
and I
C
k
denote omposite rigid-body inertia matrix
for the base and for link k omputed by (19), respetively.
The oefient of the rst term on the righthand side
orresponds to the generalized Jaobian for the base (link
0) in the frame 0 :
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Transformed into the inertial frame, eq. (25) equals to the
expression (3) :
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B. Generalized Jaobian for the End-Effetor
One
0
J

b
is obtained, the generalized Jaobian matrix
for the end-effetor is straightforwardly derived. The spatial
veloity of the end-effetor an be expressed by :
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where v
n
is the veloity of the last link and is obtained
from eq. (14). By substituting (24) into (27), the generalized
Jaobian matrix for the end-effetor in the end-effetor frame
e an be derived as :
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Consequently, the generalized Jaobian matrix in the
inertial frame, (5), an be obtained as follows :
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VI. EFFICIENT ALGORITHMS FOR OPERATIONAL SPACE
FORMULATION
This setion desribes reursive algorithms for the opera-
tional spae dynamis, eq. (8). We reall here the operational
spae dynamis :
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A main fous is to develop omputational efient algo-
rithms for  
e
and 
e
for n-link, p-operational-point branh-
ing spae robot system. The derivation of J
e
is omitted in
this paper sine its algorithm is well-known.
The algorithms for  
e
and 
e
are developed with the
onept of the artiulated body dynamis [5℄, [8℄. Firstly, the
operational spae formulation of a single-serial-arm spae
robot is developed by using the inverted hain approah.
Then, the algorithms for the branhing-arms spae robot is
developed.
A. A Single-Serial-Arm System
A unique harateristi of the spae robot is that there is
no xed base and the system is invertible in its modeling.
Based on this insight, the artiulated-body dynami equation
is applied to derive the operational spae dynamis of the
spae robot. In the onventional artiulated-body dynamis,
the artiulated-body inertia and its assoiated bias fore are
alulated inward from the end-effetor to the root. When
the system is inverted, the artiulated-body dynamis is
alulated outward from the root to the end-effetor. Then,
one an obtain the dynami equation for the operational
spae efiently. This approah for the inertia matrix is
introdued as the inertia propagation method in [8℄. The
algorithm for the inertia matrix is briey reviewed here.
Then, we make use of the inverted hain approah for the
iterative alulation of the bias fore vetor in the operational
spae.
1) Operational spae inertia matrix: The artiulated-
body inertia is alulated from the base to the end-effetor
with the initial ondition, I
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denotes the 6 6 identity matrix.
Sine the artiulated-body inertia of end-effetor orre-
sponds to the operational spae inertia matrix in the end-
effetor frame, the inertia matrix  
e
desribed in the inertial
frame an be derived by the spatial transformation.
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2) Operational spae bias fore vetor: Likely the oper-
ational spae inertia matrix, the assoiated bias fore, 
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, is
alulated in the outward reursive manner. The bias fore
in the inverted hain approah is alulated as the following
algorithm with the initial 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Sine the operational spae bias fore in the inertial frame,

e
, is obtained from the spatial transformation of the bias
fore of the end-effetor, p
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e
, in the end-effetor frame, the
bias fore 
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is obtained as:
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where the relationship between the spatial aeleration,
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, and the onventional aeleration of a point xed
in a rigid body,
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onventional aeleration of a point xed in
a rigid body,
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[5℄. The vetor 0
3
denotes the 3  1 zero
vetor.
B. A Branhing-Arms System
In the branhing-arms system, one obtains rstly the
inverse inertia matrix and the bias aeleration in the op-
erational spae. In the spae robot, due to the lak of the
xed base, the initial ondition of eah term is dened by
the artiulated-body dynamis.
A main feature of the operational spae dynamis for the
spae robot is that one an formulate the dynamis of arbi-
trary operational points, not only the end-effetors in the real
system but also the base-satellite or other ontrolled points
in operational spae. For instane, if one need to ontrol
the base-satellite and one end-effetor simultaneously, those
two points an be determined as operational points. The
proposed algorithm for the inertia matrix is an extension
of the method proposed in [4℄ for the spae robot. The
algorithm for the bias fore is diret reursive alulation
instead of the alulation of eah term in eq. (10).
Note that the artiulated-body dynamis used in this
setion is based on the forward hain approah, namely
the artiulated-body inertia and its bias fore are alulated
from the end-effetors to the root. Its diretion is opposed
to the approah of the previous subsetion. Therefore, the
artiulated-body inertia and the bias fore desribed in this
setion are different from those in the previous subsetion.
1) Operational spae inertia matrix: The operational
spae inertia matrix onsists of diagonal matries, 
e
i
;ei
and off-diagonal matries, 
e
i
;e
j
. The inertial quantities

e
i
;e
i
desribes the inertia of link i if the fore is applied
to only i-th operational point, and inertial quantities 
e
i
;e
j
desribes the ross-oupling inertia matries, whih express
the dynami inuene of the i-th operational point due to
the fore of the j-th operational point.
1. Inward Reursion: Compute the artiulated-body inertia
of link i in the forward hain approah with initial ondition,
I
A
e
i
= I
e
i
(i = 1    p):
I
A
h
= I
h
+
h
i
LI
A
i
h
i
X
T
; (35)
h
i
L =
h
i
X
 
E
6
 
I
A
i
S
i
S
T
i

i
!
; 
i
= S
T
i
I
A
i
S
i
:
2. Outward Reursion: Compute the blok diagonal matri-
es with initial ondition, 
0;0
=

I
A
0

 1
:

i;i
=
S
i
S
T
i

i
+
h
i
i
L
T

h
i
;h
i
h
i
i
L; (36)
3. Outward Reursion: Compute the ross-oupling inertia
matries:

i;j
=
8
<
:
h
i
i
L
T

T
j;h
i
if j = h

i;h
j
h
j
j
L if i = h
(37)
4. Spatial Transformation: Compute the inverse inertia
matries in the inertial frame:
 
 1
e
i
;e
j
=
I
e
i
X 
e
i
;e
j
I
e
j
X
T
(38)
5. Matrix Inversion: Compute the operational spae inertia
matrix,  
e
, for the spae robot by inverting  
 1
e
.
2) Operational spae bias fore vetor: To derive the bias
fore vetor in operational spae, the bias aeleration vetor
of eah operational point is rstly derived in the reursive
manner. The multipliation of the operational spae inertia
matrix  
e
and the derived bias aeleration provides the bias
fore.
1. Inward Reursion: Compute the bias fore of link i in
the forward hain approah from the operational points to
the root with initial ondition, p
A
e
i
= p
e
i
(i = 1    p):
p
A
h
= p
h
+X
h
i
p
A
i
+
h
i
LI
A
i

i
 
h
i
XI
A
i
S
i
S
T
i
p
A
i

i
; (39)
where
h
p
A
i
=
h
i
Xp
A
i
; p
i
= v
i
b
I
i
v
i
; 
i
= v
i
b
S
i
_

i
:
2. Outward Reursion: Compute the bias aeleration
of eah operational point with initial ondition, a
0
=

I
A
0

 1
p
A
0
:
a
i
=
h
i
X
T
a
h
+ 
i
+ S
i
b
i
; (40)
where
b
i
=  
S
T
i
h
I
A
i

X
h
i
a
h
+ 
i

+ p
i
i

i
:
3. Spatial Transformation: Compute the bias aeleration
of eah operational point with respet to the inertial frame:
I
a
e
i
=
I
e
i
Xa
e
i
(41)
4. Matrix Multipliation: Compute the bias fore in the
operational points:

e
=  
e
0
B
B
B
B

2
6
6
4
.
.
.
I
a
e
i
.
.
.
3
7
7
5
 
2
6
6
6
6
4
.
.
.
v
e
i
!
e
i
0
3
.
.
.
3
7
7
7
7
5
1
C
C
C
C
A
; (i = 0    p) ;
(42)
where the relationship between the onventional aeleration
and the spatial aeleration,

x
i
= a
i
 

(v
i
!
i
)
T
;0
T
3

T
,
is used.
C. Free-Floating Spae Robot
In the previous subsetions, we derive the inertia matrix
and the bias fore of eq. (8). In the ase of the free-
oating spae robot, one need to refer to eq. (11). Sine
the operational inertia matrix
 

 1
+
 1
b

 1
=  
e
, the
bias fore  
e
 = 
e
in eq. (11) and J

m
is alulated in
Setion V, one need to derive only the matrix . The inertia
matrix  an be easily obtained by  =
 
 
 1
e
 
 1
b

 1
,
where the inertia matrix 
 1
b
an be derived by using the
omposite inertia matrix of the base-satellite I
C
0
.
VII. OPERATIONAL SPACE TASK
The operational spae task is illustrated by using the
proposed algorithms. The roboti model onsidered here
has total 24 degrees-of-freedom inluding two 7-degrees-of-
freedom arms, a 4-degrees-of-freedom torso and a 6-degrees-
of-freedom base-satellite.
In pratie, the redundany of the system provides the
null-spae motion in the joint spae. To obtain the null spae
motion, the lassial joint spae inverse dynamis is simply
applied.The null spae motion performs the self-motion in
the joint spae suh as self-ollision avoidane, posture
behavior while the operational spae motion is arried out.
Figure 3 shows the motion sequene for target grasping
by a haser-robot, onsisting of waiting phase, approahing
phase, and grasping phase. In those proesses, the end-
effetor of the right hand, the head of the robot and the base-
satellite are determined as three operational points. In the
simulation, it is demonstrated that the right arm approahes
Fig. 3: Target grasping sequene, wait, approah, and grasp
to the target while the rest of ative joints are operated to
keep the orientation of the head and the orientation of the
base onstant.
VIII. CONCLUSIONS
This paper proposed efient reursive algorithms of the
operational spae dynamis for the free-ying spae robots
and for the free-oating spae robots.
In the spae robot, the operational spae formulation is
rather omplex due to the lak of the xed base. However,
by virtue of no xed base, the spae robot an be swithed
around. By making use of this unique harateristi, rstly
the operational spae formulation for a single-serial-arm
spae robot is developed. Then, the efient algorithm
for the operational spae formulation of the branhing-
arms spae robot is proposed by using the onept of the
artiulated-body system.
The realisti simulation with 24 DOF spae robot system
was illustrated to verify the efieny of the proposed
algorithms.
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